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Extension of Wake-Survey Analysis Method
to Cover Compressible Flows

Kazuhiro Kusunose¤ and James P. Crowder†

The Boeing Company, Seattle, Washington 98124-2207

This paper summarizes the work accomplished over the last several years on wake-survey analysis method de-
velopments at Boeing. In this paper Betz and Maskell’s lift-and-dragequationsare extended to cover compressible
� ows. The small perturbation method is employed to expand the general lift-and-dragequations in the momentum
integral forms, assuming downstream states that differ only slightly from the state of approach. Introducing new,
simpler, and cleaner expansion procedures, it is proven that both the lift and drag of an airplane model can be
predicted accurately by simply measuring � ow variables inside of the model wake region. This result enables the
practical application of quantitative wake surveys for accurate lift-and-drag predictions of airplane models. To
demonstrate the current lift-and-drag prediction capabilities, some wake-survey analysis results from previously
published data are recalculated. Because wake surveys are not needed outside of the model wake region, one com-
plete wake survey analysis for a nonpowered engine case, including data acquisitions and reductions, can now be
� nished in approximately 10–15 min. These wake-survey analysis results demonstrate that both wake-integrated
lift and drag typically agree with the internal strain-gauge balance to within a few percentage points.

Nomenclature
a, a1 = local and freestream speeds of sound
b = model wing span
C = local wing chord
CD , CL = drag and lift coef� cients
Cd , Cl = wing section drag and lift coef� cients
C p , Cv = speci� c heats
D = drag
Dct = drag correction term
De = enthalpy drag
Djet = drag calculated from jet wake regions
DMi = Maskell’s induced drag
Dm = injected mass drag (thrust)
Dp = pro� le drag
Dreg = drag calculated from regular wake regions
F = force acting on an airplane model
h, h1, 1h = local, freestream, and perturbation enthalpies
hT , hT1 = local and freestream total enthalpies
Ix , Iy , Iz = uint vectors pointing in x , y, and z directions
K = small perturbationquantity de� ned in Eq. (21)
L = lift
M , M1 = local and freestream Mach numbers
Pm = rate of mass injected into the system

by powered engines
n = surface outward unit normal vector .nx ; n y; nz/
P, P1, 1P = local, freestream, and perturbationpressures
PT , PT1 = local and freestream total pressures
R = gas constant
S = control volume surface area
SF = y component of body force
S2 = integral area on the entire wake survey plane
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s, s1 , 1s = local, freestream, and perturbation entropies
T , T1 = local and freestream temperatures
TT , TT1 = local and freestream total temperatures
U1, 1u = local and perturbationvelocities in x direction
u, v, w = velocity components in x , y, and z directions
u = velocity vector .u; v; w/
u¤ = Betz’s arti� cial velocity (Ref. 1)
WA = integral area over the model wake region
WA jet = integral area over jet wake regions
x , y, z = coordinates in freestream, spanwise, and

transverse directions
xws = x coordinate of wake survey station
° = ratio of speci� c heats, Cp=Cv

1H = change in total enthalpy as a result of the work
done by engines

» = x component of vorticity vector, !
½ , ½1, 1½ = local, freestream, and perturbationdensities
¾ = velocity gradient, ¡@u=@x
¿ = viscous and turbulence stress tensor
Á, Ã = Maskell’s scalar functions
! = vorticity vector, r £ u

Introduction

T HE forces acting upon a model can generally be derived by
applying the integral form of the momentum equations to a

control volume containing the model (see Fig. 1). Model lift and
drag can be written as integrals of the � ow variables measured at
a downstream survey station (Fig. 2). The problem with such mo-
mentum integral forms is that the integral must be evaluated over
the entire downstream cross section at the wake survey station.

Ever since Betz and Maskell1;2 demonstrated that an integral
formulation for forces acting on the model can be obtained from
� ow variables measured within the model wake region, the practi-
cal application of quantitative wake surveys has been feasible.3¡7

To meet the continued need for increasingly accurate lift-and-drag
predictions,more re� ned formulas have constantlybeen developed.
Highlyaccuratelift-and-dragpredictionscannowbe foundusingthe
wake-survey analysis method.8¡11 Such formulas currently include
higher-orderlift-and-dragcorrectionsfor powered-engineequipped
models.12;13

In this paper the general lift-and-dragequationsin the momentum
integral forms are expanded into perturbationforms using the small
perturbation method14 to generalize Betz–Maskell’s lift-and-drag
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Fig. 1 Three components of body force acting on model.

Fig. 2a Control volume and its coordinate system (free-air case).

Fig. 2b Control volume and its coordinate system (with tunnel walls).

equations to cover compressible � ows. New simpler and cleaner
expansion procedures (compared to those in Refs. 11 and 12) are
introducedto improvetheaccuracyin higher-ordertermcalculations
of these expanded lift-and-drag equations. It will thus be shown
that both the lift and drag of an airplane model can be accurately
calculated by simply measuring � ow variables inside of the model
wake region.

To evaluate the effects of the (currently developed) second-order
correctionterms on the model lift and drag, some wake-surveyanal-
ysis results from previously published data13;15 were recalculated.
For thewake-surveydata acquisitionsand their reductionstheQuan-
titative Wake-Survey System (QWSS)5 was employed. The QWSS
uses a single � ve-hole probe mounted on a continuously sweeping
traverser to measure velocities and total pressure de� cit inside the
model wake region.The QWSS typicallyacquireswake data onover
50,000 data points in 10–15 min. Total temperature measurements
will also be required when the wind tunnel model is equipped with
powered engines.

Lift-and-Drag Equations
In general, the force acting on an airplane model F can be ex-

pressed, by applying the integral form of the momentum equations,
as an integral over the surface of a control volume that contains the
model.

F D ¡
Z Z

S

½u.u ¢ n/ ds ¡
Z Z

S

Pn ds C
Z Z

S

¿ ¢ n ds (1)

where P; ½; u[D .u; v; w/] and ¿ are pressure, density, velocity
vector, and viscous and turbulence stress tensor, respectively.

Knowing

Z Z

S

P1n ds

Á
D

Z Z Z

V

r P1 dv

!
D 0

for a closed control volume (applying Gauss’s divergence theorem
for a scalar function P1 D const), Eq. (1) can be rewritten as

F D ¡
Z Z

S

½u.u ¢ n/ ds ¡
Z Z

S

.P ¡ P1/n ds C
Z Z

S

¿ ¢ n ds

(2)

Assuming that the x and z axes are aligned with the undis-
turbed freestream direction (direction of the drag) and direction
of the lift, respectively, and that the remaining y axis is nor-
mal to both x and z axes (Fig. 1), the three components of
the body force (drag, side force, and lift) can be expressed as
.D; SF ; L/ D .F ¢ Ix ; F ¢ Iy; F ¢ Iz/. Note that Ix ; Iy , and Iz are the
unit vectors pointing in the x , y, and z directions, respectively.

If thecontrolvolumeis suf� cientlyfar fromthemodel,theviscous
force can be neglected, and Eq. (1) becomes

F D ¡
Z Z

S

½u.u ¢ n/ ds ¡
Z Z

S

.P ¡ P1/n ds (3)

Taking the z component of the force, lift L is calculated as

L D F ¢ Iz D ¡
Z Z

S

½w.u ¢ n/ ds ¡
Z Z

S

.P ¡ P1/nz ds (4)

Similarly for drag D,

D D F ¢ Ix D ¡
Z Z

S

½u.u ¢ n/ ds ¡
Z Z

S

.P ¡ P1/nx ds (5)

Expansion of Lift-and-Drag Equations
The problem with such momentum integral forms for model

forces is that the integral must be evaluated over the entire surface
of a control volume that contains the model. Betz1 and Maskell2

solved this problem by demonstrating that an integral formulation
for forces acting on the model can be obtained (for incompressible
� ows) from � ow variables measured within the model wake region,
“wake integrals” (see Fig. 2).

In this section we will expand lift-and-drag equations (4) and
(5) into perturbation forms for the purpose of extending the Betz
and Maskell’s wake integrals to cover compressible � ows. We as-
sume downstream states that differ only slightly from the state of
approach,

u D U1 C 1u D U1.1 C 1u=U1/ (6)

P D P1 C 1P D P1.1 C 1P=P1/ (7)

½ D ½1 C 1½ D ½1.1 C 1½=½1/ (8)

where j1u=U1j; j1P=P1 j; j1½=½1j ¿ 1.
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To relate the density and pressure perturbations 1½ and 1P to
the variables measured at the wake survey station, we employ the
entropy equation16;17:

.s ¡ s1/=R ´ 1s=R D 1=.° ¡ 1/ .T=T1/ ¡ .½=½1/ (9)

Here we assumed that the gas is caloricallyperfect(constantspeci� c
heats Cv and C p ). Then, the energy equation for an airplane model
equippedwith powered engines(assuminga � ow with Prandtl num-
ber unity) is used

h C .u2 C v2 C w2/=2 D h1 C U 2
1

¯
2 C 1H (10)

to relate temperature to measured variables. 1H is positive in the
exhausts of the powered engines and is zero outside the engine
exhausts (for a case without powered engines, 1H ´ 0). It is also
clear from Eq. (10) that our fundamentalassumption j1u=U1 j ¿ 1
will be violated inside the engine exhaustswhen j1H=U 2

1j is much
lager than one.

Solving the entropy equation (9) for density yields

½=½1 D e¡.1s=R/.T=T1/1=.° ¡ 1/ (11)

and using the equation of state P D ½ RT the static pressure can be
expressed in a similar explicit form:

P=P1 D e¡.1s=R/.T=T1/° =.° ¡ 1/ (12)

Then, rewriting the energy equation (10), T=T1 can be expressed
in a perturbation form:

T

T1
D 1 C

° ¡ 1

2
M2

1

"
¡2

1u

U1
¡

³
1u

U1

´2

¡
³

v

U1

´2

¡
³

w

U1

´2

C 2
1H

U 2
1

#

(13)

Here, the de� nitions of enthalpy h D Cp T D a2=.° ¡ 1/ and speed
of sound a2 D ° RT for the perfect gas have been used.

Substituting Eq. (13) into Eqs. (11) and (12), we are ready to
expand the right-hand side (RHS) of these equations into small
perturbation forms to obtain expressions for 1½=½1 and 1P=P1.
Before the expansions, however, one must examine the orders of
magnitudeofv=U1 , w=U1 , 1s=R, and 1H=U 2

1 , for thevalidation
of expansions.

Order-of-Magnitude Estimations

As shown in Ref. 13 for a no-energy-added case (1H D 0), the
order-of-magnitude relations among 1u=U1, v=U1 , and w=U1
areO.1u=U1/ » O.v=U1/ » O.w=U1/ insideof themodelwake
region and O.1u=U1/ » O[.v=U1/2] » O[.w=U1/2] outside of
the model wake region.Therefore, knowing that the orderof magni-
tude of 1u=U1 within the outsidewake region is at most O.v=U1/
or O.w=U1/, the fundamental order relation

O.1u=U1/ » O.v=U1/ » O.w=U1/ (14)

is still valid in the entire region of the wake-survey station. It is
important, however, to remember that both our basic assumption
j1u=U1 j ¿ 1 and the key relation (14) will not be valid for high-
power engine setting cases.

Applying the small perturbation forms (7) and (8), for pressure
and density, to modi� ed entropy equation of (9)

1s=Cv D .P=P1/ ¡ ° .½=½1/

one can obtain

1s=Cv D 1P=P1 ¡ ° .1½=½1/ C ¢ ¢ ¢

Then utilizing Cv D R=.° ¡ 1/, we can see that the order of magni-
tude of 1s=R is at most

O.1s=R/ » O.1P=P1/; O.1½=½1/ (15)

Similarly, to estimate the order of magnitude of M2
11h=U 2

1 we
use another form of entropy equation (9) (also see Ref. 18)

T1½11s D ½11h ¡ 1P C ¢ ¢ ¢

with the help of the equation of state P1 D ½1 RT1 and the de� ni-
tion of speed of sound a2

1 D ° RT1; we can rewrite the equation

M 2
1

¡
1h

¯
U 2

1

¢
D .1=° /.1P=P1 C 1s=R/ C ¢ ¢ ¢

where 1h D h ¡ h1 . Hence, one can get

O
£
M2

1

¡
1h

¯
U 2

1

¢¤
» O.1P=P1/; O.1s=R/

» O.1P=P1/; O.1½=½1/ (16)

In Eq. (16), relation (15) has been used.
Now employing the small perturbation form (6) for u, energy

equation (10) can be rewritten as

M2
1

1H

U 2
1

D M2
1

1h

U 2
1

C M2
1

1u

U1

C
M2

1

2

"³
1u

U1

´2

C
³

v

U1

´2

C
³

w

U1

´2
#

(17)

Finally, combining the order relations given by Eqs. (14) and (16)
to Eq. (17) we can conclude, for subsonic and transonic � ows
O.M 2

1/ » 1, that

O
£
M 2

1

¡
1H

¯
U 2

1

¢¤
» O.1u=U1/; O.1P=P1/; O.1½=½1/

(18)

Density and Pressure Perturbations

Knowing that j1s=Rj; jM2
11H=U 2

1 j ¿ 1 are valid (for sub-
sonic and transonic � ows) when our fundamental conditions
j1u=U1 j; j1P=P1j; j1½=½1 j ¿ 1 are satis� ed, we are ready to
expand the RHS of density and pressure equations (11) and (12):

e¡.1s=R/ D 1 ¡ 1s=R C 1
2 .1s=R/2 C ¢ ¢ ¢ (19)

Letting the temperature equation (13) be

T=T1 D 1 C [.° ¡ 1/=2]M2
1 K (20)

where

K ´ ¡ 2
1u

U1
C 2

1H

U 2
1

¡
³

1u

U1

´2

¡
³

v

U1

´2

¡
³

w

U1

´2

(21)

and knowing j.° ¡ 1/M2
1 K=2j ¿ 1 for subsonic and transonic

� ows [O.M2
1/ » 1], temperature terms in Eqs. (11) and (12) can

be also expanded
³

T

T 1

´1=.° ¡ 1/

D 1 C 1

° ¡ 1

³
° ¡ 1

2
M 2

1 K

´

C
1

2

³
1

° ¡ 1

´³
1

° ¡ 1
¡ 1

´³
° ¡ 1

2
M 2

1 K

´2

C ¢ ¢ ¢

D 1 ¡ M2
1

1u

U1
C M2

1
1H

U 2
1

¡
M2

1

2

(
£
1 ¡ .2 ¡ ° /M2

1

¤³1u

U1

´2

C
³

1v

U1

´2

C
³

1w

U1

´2
)

C 2 ¡ °

2
M4

1

³
1H

U 2
1

´2

¡ .2 ¡ ° /M4
1

1u

U1

1H

U 2
1

C O.13/ (22)
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where O.13/ denotes the third- and higher-order terms. Similarly,
one can obtain
³

T

T1

´° =.° ¡ 1/

D 1 ¡ ° M2
1

1u

U1
C ° M 2

1
1H

U 2
1

¡ °

2
M2

1

"
¡
1 ¡ M2

1

¢³ 1u

U1

´2

C
³

1v

U1

´2

C
³

1w

U1

´2
#

C
°

2
M4

1

³
1H

U 2
1

´2

¡ ° M4
1

1u

U1

1H

U 2
1

C O.13/ (23)

Substituting Eqs. (19) and (22) into Eq. (11), we can obtain the
density perturbation 1½=½1 as

1½

½1
D ¡M2

1
1u

U1
¡ 1

2
M2

1

(
£
1 ¡ .2 ¡ ° /M2

1

¤³ 1u

U1

´2

C
³

v

U1

´2

C
³

w

U1

´2

¡ 2
1H

U 2
1

)
¡

1s

R
C

1

2

³
1s

R

´2

C M2
1

1u

U1

1s

R
¡ M2

1
1s

R
1H

U 2
1

C 2 ¡ °

2
M4

1

³
1H

U 2
1

´2

¡ .2 ¡ ° /M4
1

1u

U1

1H

U 2
1

C O.13/ (24)

Similarly, substitution of Eqs. (19) and (23) into Eq. (12) yields
pressure perturbation

1P

P1
D ¡° M2

1
1u

U1
¡ °

2
M 2

1

"
¡
1 ¡ M2

1

¢³ 1u

U1

´2

C
³

v

U1

´2

C
³

w

U1

´2

¡ 2
1H

U 2
1

#
¡ 1s

R
C 1

2

³
1s

R

´2

C ° M 2
1

1u

U1

1s

R

¡ ° M2
1

1s

R

1H

U 2
1

C °

2
M4

1

³
1H

U 2
1

´2

¡ ° M4
1

1u

U1

1H

U 2
1

C O.13/ (25)

From Eqs. (24) and (25) it can be seen that the orders of magnitude
of 1½=½1 and 1P=P1 are the same as that of 1u=U1 for subsonic
and transonic � ows.

Lift Analysis

With the help of the density and pressure perturbationsderived in
the preceding section, lift integral (4) is ready to be expanded into
a small perturbationform. Employing the small perturbationforms
(6), (7), and (8), the integrands of lift equation (4) can be rewritten
as

½w.u ¢ n/ D ½wunx C ½wvn y C ½w2nz D ½1U1w

£ .1 C 1½=½1/[.1 C 1u=U1/nx C .v=U1/n y C .w=U1/nz]

(26)

and

.P ¡ P1/nz D 1Pnz (27)

After substituting these equations into the lift equation (4) with
the help of Eqs. (24) and (25), we push out control surface S to a
distance far from the model, while holding the wake-survey plane
S2 at a � nite (downstream) distance from the model (see Fig. 2a).

Then, following the similar arguments given in Ref. 13, it can be
shown that

L D ½1U1

Z Z

WA

y» ds ¡ ½1U 2
1

¡
1 ¡ M2

1

¢ Z Z

S2

w

U1

1u

U1
ds

C M2
1

° P1

R

Z Z

WA

w

U1
1s ds

¡ ½1 M2
1

Z Z

WA

w

U1
1H ds C O.13/ (28)

In Eq. (28) » denotes the x component of vorticity vector r £ u.
The symbol WA indicates an integral over the model wake region
on S2 (see Fig. 2a). Knowing that 1H , 1s, and » are zero outside
the model wake region, the lift integrals in Eq. (28) are expressed in
wake integrals except for the second integral. However, it has been
shown by Kusunose13 that the major contribution on this second
integral comes from the integration over the model wake region, or

Z Z

S2

w

U1

1u

U1
ds D

Z Z

WA

w

U1

1u

U1
ds C O.13/ (29)

Then, all of the lift integrals in Eq. (28), � nally, become wake inte-
grals, except for the third-and higher-order small terms

L D ½1U1

Z Z

WA

y» ds ¡ ½1U 2
1

¡
1 ¡ M2

1

¢ Z Z

WA

w

U1

1u

U1
ds

C M2
1

° P1

R

Z Z

WA

w

U1
1s ds

¡ ½1 M2
1

Z Z

WA

w

U1
1H ds C O.13/ (30)

For incompressible � ows (M1 ! 0) the lift equation reduces to

L D ½1U1

Z Z

WA

y» ds ¡ ½1U 2
1

Z Z

WA

w

U1

1u

U1
ds C O.13/ (31)

The leading-order term of the lift equation, as we expected, turns
out to be identical to the streamwisevorticityintegral in the far � eld,
which was � rst obtained by Maskell in 1972 (Ref. 2). However, the
second-order (lift correction) term does not agree with that of the
Maskell’s equation.

LMaskell D ½1U1

Z Z

WA

y» ds C ½1

Z Z

WA

.u¤ ¡ u/w ds C ¢ ¢ ¢ (32)

The results given in Ref. 13 revealed that the current second-order
correction outperforms Maskell’s correction.

Drag Analysis

To take into account the effect of wind-tunnel walls on the model
drag, some of the control-volume surfaces are replaced by tunnel
walls (Fig. 2b). Applyingthe integralformof the continuityequation
to drag equation (5) and assuming that tunnel walls are solid and
parallel, the drag equation with tunnel walls, as shown in Ref. 12,
reduces to

D D
Z Z

S2

[½u.U1 ¡ u/ C .P1 ¡ P/] dy dz ¡ PmU1 (33)
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Using Eqs. (6) and (8), ½u can be rewritten as

½u

½1U1
D

³
1 C 1½

½1

´³
1 C 1u

U1

´
D 1 C 1u

U1
C 1½

½1
C 1u

U1

1½

½1

(34)

Similarly, writing P1 ¡ P term in a perturbation form,
P1 ¡ P D ¡P1.1P=P1/, and utilizing the density and pressure
perturbation equations (24) and (25), drag equation (33) can be
expressed as

D D
Z Z

WA

P1
1s

R
dy dz C

Z Z

S2

½1

2
.v2 C w2/ dy dz

¡
Z Z

WA

½11H dy dz ¡ PmU1

¡
Z Z

S2

½1

2

¡
1 ¡ M2

1

¢
.1u/2 dy dz

¡
Z Z

WA

P1

2

³
1s

R

´2

dy dz

C
Z Z

WA

½11H

³
1s

R
¡

M 2
1

2

1H

U 2
1

´
dy dz C O.13/ (35)

In Eq. (35) the condition that 1s and 1H are zero outside of the
model wake region has been used. Our drag equation (35) is almost
identical to that of van der Vooren and Slooff,19 except that the
current drag equation does not have a singular behavior when M1
approaches to zero.

For the purposes of developing a practical wake-survey analy-
sis method, the current drag equation (35) is not suitable because
the second (induced drag) and fourth integrals are not wake inte-
grals. They must be evaluated over the entire downstream cross
section S2 . Fortunately, this problem has been solved by Maskell2

andCummingset al.10 Maskell introducedthe idea of de� ningscalar
functions Ã.y; z/ and Á.y; z/ for the cross-sectional velocities (v
and w) to reduce the induced drag integral to a wake integral. Ã
and Á are related to the trailing vorticity and the velocity gradient
through the Poisson equations r2Ã D ¡» and r2Á D ¾ , respec-
tively, where » and ¾ denote the x-component vorticity vector of
r £ u, @w=@y ¡ @v=@z, and ¡@u=@x , respectively.

Using a result from Cummings et al.,10 it can be shown that the
second integraland the fourth integral in Eq. (35) relate to Maskell’s
drag integral2 asZ Z

S2

½1

2
.v2 C w2/ dy dz ¡

Z Z

S2

½1

2

¡
1 ¡ M2

1

¢
.1u/2 dy dz

D ½1

2

Z Z

WA

Ã» dy dz C O.13/ (36)

Combining Eqs. (36) and (35),we can � nally obtain a drag equation
in which all of the drag components are reduced to wake integrals
(except for the third-and higher-order small terms):

D D
Z Z

WA

P1
1s

R
dy dz C

Z Z

WA

½1

2
Ã» dy dz

¡
Z Z

WA

½11H dy dz ¡ PmU1 ¡
Z Z

WA

P1

2

³
1s

R

´2

dy dz

C
Z Z

WA

½11H

µ
1s

R
¡

M2
1

2

1H

U 2
1

¶
dy dz C O.13/ (37)

From Eqs. (30) and (37) it has been shown that both the lift and
drag of an airplane model can be calculated accurately by simply
measuring � ow variables inside of the model wake region. This is a
key result to allow for the practical applicationof quantitativewake
surveys for accurate lift-and-dragpredictions for airplane models.

Here, it is important to note that the Maskell’s drag integral given
by the RHS of Eq. (36) does not represent the “traditional” induced
drag that is de� ned by the second integral in Eq. (35). However, his
drag integral has been commonly used in the wake-survey analysis
method to predict the induced drag of airplane models.2¡12 For the
purpose of distinguishingMaskell’s induced drag integral from the
traditional induceddrag integral,Maskell’s is denotedas “Maskell’s
induced drag” throughout this paper.

For bookkeepingpurposes the � rst and second terms of the drag
equation (37) are considered the “pro� le” and Maskell’s induced
drag (Dp and DMi), respectively.The third and fourth terms are extra
terms resulting from powered engine effects, and they represent
“(added) enthalpy”9;10 and “injected mass” effects on drag (De and
Dm ), respectively.All of the remaining terms in Eq. (37) are simply
denoted as Dct, a drag correction term, for the sake of convenience.
For an airplanemodel equippedwith high-powerengines, our small
perturbationassumptionswill not be valid in high-speed jet exhaust
regions. A drag calculation method for a model with high-power
engines will be discussed in the Appendix.

Pro� le and Enthalpy Drag
Using the entropy equation (9) and recalling that the stagnation

entropy is simply equal to the entropy of the state considered,16;18

the entropy change can be expressed as

1s D Cp

¡
TT =TT1

¢
¡ R

¡
PT =PT1

¢
(38)

With a caloricallyperfect gas the change in the total (or stagnation)
enthalpy can also be written as

1H D hT ¡ hT1 D C p

¡
TT ¡ TT1

¢
(39)

Substituting Eqs. (38) and (39) into the pro� le and enthalpy drag
equations de� ned in Eq. (37) yields12

Dp D P1

Z Z

WA

³
°

° ¡ 1

TT

TT1

¡
PT

PT1

´
dy dz (40)

De D ¡P1
°

° ¡ 1

³
1 C ° ¡ 1

2
M2

1

´ Z Z

WA

³
TT

TT1

¡ 1

´
dy dz

(41)

Because total temperature TT differs from TT1 only in the powered
engine exhaust regions, the total temperature measurements over
the entire region of the model wake is not necessary.

From Eqs. (40) and (41) it can be seen that the total tempera-
ture terms in the pro� le and enthalpy drag equations will cancel
each other for low-subsonic � ows M1 ’ 0, and the sum of the two
equations reduces to a total pressure de� cit12

.Dp C De/M1 ! 0 D
Z Z

WA

¡
PT1 ¡ PT

¢
dy dz C ¢ ¢ ¢ (42)

The total temperature, therefore, will not play a major role in the
drag analysis for low-subsonic � ows. Without the supply of the
external work, both the enthalpy drag De and the total temperature
contribution to the pro� le drag will vanish.

Wave Drag Extraction from Pro� le Drag
For transonic� ows it is important to recognizetwo different types

of entropy production mechanisms that exist within the � ow� eld
around the model. The � rst results from the � uid particle � owing
though (viscous) rotational layers (for example, boundary layers
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and vorticalwakes). The second is caused by the � uid particle � ow-
ing through shock waves. Here, the vortical wake is de� ned by the
wake originating from boundary layers that have developed along
the model surfaces (see Fig. 3). Because a normal shock does not
generatevorticity in the downstream� ow� eld, it is reasonable,then,
to assume that the downstream� ow through a weakly curved shock
generated by a typical transonic transport airplane is nearly irrota-
tional and therefore u £ ! ’ 0.

For separatingthe model wake into its shockwake and its vortical
wake portions (see Fig. 3), it is critical to note that the vector prod-

Fig. 3 Wing wake formation and its evolution.

Fig. 4 Total pressure contours of a wing wake, including shock wake.

Fig. 5 X-component vorticity contours of a wing wake.

uct u £ ! will never vanish along the entire region of the vortical
wake.15 Consequently, the shock wake and the vortical wake por-
tions of the model wake are separableby checking the magnitudeof
u £ !. To illustrate this concept, a total pressure contour of a wing
wake, including the shock wake, and the x component of vorticity
vector» � eld in that wake are plotted in Figs. 4 and 5, respectively.15

Maskell’s Induced Drag
Maskell’s induced drag integral

DMi D ½1

2

Z Z

WA

Ã» dy dz (43)

is commonly used in wake-survey analysis method.2¡12 As noted
brie� y in the preceding section, a Poisson equation r2Ã D ¡»
should be solved for Maskell’s scalar function Ã.y; z/ with the
boundaryconditionÃ D 0 evaluatedalongthe tunnelintersection2;20

(see Fig. 2b). Outside of the model wake region WA , » D 0.
For the “free-air” case (without interference of tunnel walls) the

boundaryconditionÃ D 0 should be evaluatedat y2 C z2 ! 1, and
Maskell’s scalarfunctionÃ canbe expressedin the followingsimple
analytical form.9¡11

Ã.y; z/ D ¡ 1

4¼

Z Z

WA

».y0; z0/
£
.y ¡ y0/2 C .z ¡ z0/2

¤
dy0 dz0

(44)

Currently, the Poisson equation system is solved in two different
ways. In the � rst approach the system is solved numerically, using
a fast Poisson solver developed by L. B. Wigton of Boeing En-
abling Technology Research (personal communications, January–
February 2001, Seattle, WA). In the second approach the system of
equations is solved analytically, utilizing Green’s function method
discussed in Ref. 11 in order to handle both the cases with and
without tunnel walls.

Unfortunately,after Maskell introducedhis induceddrag integral
(43), it has been dif� cult to understand the true physical meaning
behind his induced drag integral. To investigate the physical prop-
erties owned by Maskell’s induced drag integral, some studies were
conducted in Ref. 21, and the reasons as to why Maskell’s induced
drag integral outperforms that from the lifting line theory were also
discussed there.

Drag Correction Terms
Traditionally,higher-orderdrag correctionterms are neglected in

the wake-survey analysis method to allow the drag to be estimated
with a wake integral. Because the current analysis demonstrates
that all of the second-order drag correction terms in Dct, as shown
in Eq. (37), can be reduced to wake integrals, it is not necessary for
them to be neglected. It might be advisable to retain those second-
order correction terms for the sake of completeness of the theory.

Results and Discussion
To evaluate the second-orderlift-and-dragcorrectionterms given

in Eqs. (30) and (37), the wake-surveydata used in Refs. 13 and 15
(for nonpowered engine cases 1H D 0, and Pm D 0) are reanalyzed.
The currentlydevelopedwake-surveyanalysismethod has been im-
plemented as a part of the QWSS5 to extract spanwise lift-and-drag
distributions as well as total lift and drag of the models, in addi-
tion to contours of vorticity and total pressure at the wake survey
station. Because the primary focus of this document is to develop
new lift-and-drag formulas and their validations, the experimental
setup of the tests, as well as the complete test results, will not be
discussed.

Lift Predictions

To demonstrate the accuracy of our new lift prediction capabil-
ity, the NASA LRC450 test data from Ref. 13 are selected. The
wakes generated behind two transonic transport models (con� g. 1
and 2) during landing conditions at realistic low subsonic speeds
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(M1 D 0:20) were measured. Models were mounted on an island
support type strut.Wake-surveydata were obtainedat severaldown-
stream stations in order to study overall characteristicsof the model
wake. The typicalvorticityand total pressurecontoursat two differ-
ent wake survey stations (xws) are shown in Figs. 6 and 7, in order
to demonstrate the downstreamgrowth of the wakes formed behind
an airplanemodel (includingthe model support strut). It can be seen
that the model strut has little effect on the generation of the x com-

Fig. 6 Evolution of model wake (vorticity contours).

Table 1 Effects of lift correction term on lift con� g. 1-model, low-speed NASA/LaRC
14 ££ 22 test (LRC450)

Balance Wake survey

Mach Flaps CLbl
a XWS

b CL
c CLwo

d CLvc
e CLec

f Note

0.20 F30 1.3419 0.7bg 1.3534 1.3686 ¡0.0147 ¡0.0005 Landing
0.20 F30 1.3412 0.7b 1.3422 1.3572 ¡0.0146 ¡ 0.0005 Landing
0.20 F30 1.3397 0.7b 1.3467 1.3644 ¡0.0172 ¡0.0005 Landing
0.20 F30 1.3371 4.2b 1.3597 1.3722 ¡0.0120 ¡0.0005 Landing
0.26 Up 0.5195 0.7b 0.5521 0.5566 ¡0.0042 ¡0.0003 Flap-up
0.26 Up 0.5202 4.2b 0.5614 0.5650 ¡0.0033 ¡0.0003 Flap-up
abl: balance.
b Xws: wake survey station.
cCL D CLwo C CLvc C CLec.
dCLwo: CL without corrections.
eCLvc: velocity correction.
fCLec: entropy correction.
gb: wing span.

Table 2 Effects of lift correction term on lift con� g. 2-model, low-speed NASA/LaRC
14 ££ 22 test (LRC450)

Balance Wake survey

Mach Flaps CLbl
a XWS

b CL
c CLwo

d CLvc
e CLec

f Note

0.20 F30 1.3209 0.7bg 1.3330 1.3455 ¡0.0120 ¡0.0005 Landing
0.20 F30 1.3224 0.7b 1.3401 1.3534 ¡0.0127 ¡0.0006 Landing
0.20 F30 1.3140 2.2b 1.3304 1.3402 ¡0.0094 ¡0.0004 Landing
0.20 F30 1.3222 2.2b 1.3375 1.3477 ¡0.0098 ¡0.0004 Landing
0.26 Up 0.4998 0.7b 0.5318 0.5351 ¡0.0030 ¡0.0003 Flap-up
0.26 Up 0.5003 2.2b 0.5158 0.5196 ¡0.0035 ¡0.0003 Flap-up

abl: balance.
b Xws: wake survey station.
cCL D CLwo C CLvc C CLec.
dCLwo: CL without corrections.
eCLvc: velocity correction.
fCLec: entropy correction.
gb: wing span.

ponent of the vorticity vector (therefore, also on the model lift), but
it is responsible for a large increment in the total pressure de� cit at
the far � eld. Because the model wake and the strut wake are mixed
and are not separable at the far � eld, the drag estimations based on
the far wake measurements are not recommended. Figure 8 shows
the section lifts along the wake span at two different wake-survey
stations. As the wake evolvesdownstream, the curves are smoothed
out, and the detail in lift distribution on the wing is lost.

Fig. 7 Evolution of model wake (total pressure contours).
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Fig. 8 Spanwise lift distributions at different wake-survey stations.

Lifts calculated from the � rst-order approximation and with the
second-ordercorrection terms given in Eq. (30) are then compared
to the wind-tunnelbalancedata for the con� g. 1 model and the con-
� g. 2 model in Tables1 and 2, respectively.The symbolsCLwo; CLvc,
and CLec represent the lift coef� cients corresponding to the � rst,
second, and third integrals in Eq. (30), respectively, and CL is the
sum of these three lift coef� cients. The predicted lift with correc-
tion terms CL agrees with the balance data better than that without
correction terms CLwo . Also, the results show that the measured
lift is nearly independent of wake-survey locations, despite large
apparent differences in the wake properties, as shown in Figs. 6
and 7.

Drag Predictions

For validationpurposesof the currentdragpredictioncapabilityat
transonicspeeds, some test data are selectedfrom Ref. 15, where the
effect of � ap track fairings (FTFs) on the airplanedrag was studied.

Fig. 9 Spanwise lift distributions (alpha = const).

Fig. 10 Pro� le drag distributions (alpha = const).

A typical transonic transport con� guration was selected to evaluate
the suitability of the QWSS for detecting the minute changes in the
drag for the changes in model con� gurations and model incidence
angles.

During the test, the wake-surveyplane was chosen close to the aft
end of the fuselage, and the entire right half of the model wake was
measured.Some wake-surveyresults for FTF-on and-off conditions
are compared at M1 D 0:855 with � xed body angle of attack in
Figs. 9, 10, and 11. As seen in Fig. 9, the effect of removing the
FTFs from the lower surface of the wing is to causea slight decrease
in overall lift. This is probably becauseof a loss of effectivecamber
to the wing surface. The effects of the four individual FTFs on the
spanwise pro� le and induced drag are clearly captured in Figs. 10
and 11.
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Table 3 FTF effect on drag high-speed model test, Mach = 0.855

Balance Wake survey

Alpha CLbl
a CDbl CL CD

b CDpr
c CDimk

d CDec
e Note

3.1 0.4770 0.03207 0.4870 0.03113 0.02150 0.01040 ¡0.00077 FTF-ON
3.1 0.4756 0.03187 0.4947 0.03140 0.02145 0.01071 ¡0.00076 FTF-ON
3.1 0.4493 0.02978 0.4658 0.02922 0.02045 0.00951 ¡0.00073 FTF-OFF
3.3 0.4770 0.03154 0.4929 0.03111 0.02130 0.01057 ¡0.00076 FTF-OFF
3.3 0.4751 0.03157 0.4932 0.03088 0.02109 0.01054 ¡0.00075 FTF-OFF

abl: balance.
bCD D CDpr C CDimk C CDec.
cpr: pro� le.
dimk: induced (Maskell’s).
eec: entropy correction.

Fig. 11 Maskell’s induced drag distributions (alpha = const).

Table 3 shows the comparisons of wake-integrated lift-and-drag
values to the balancedata for FTF-on and -off conditions(including
some repeat-surveyresults).CDpr; CDimk , and CDec are the drag coef-
� cients corresponding to the � rst, second, and fourth drag integrals
in Eq. (37), and CD is the total of these three coef� cients. As shown
in Table 3, the wake-integratedlift and drag agree with the balance
to within a few percentage points, and the drag increments from
both the lift and model con� guration (FTF-on and -off) changes are
accurately predicted.

Conclusions
To generalize Betz–Maskell’s lift-and-drag equations for com-

pressible � ows, the lift-and-drag equations in the momentum in-
tegral forms were expanded into small perturbation forms. As a
consequence,theoriginalBetz–Maskell’s lift-and-dragequation,in-
cluding their higher-ordercorrection terms, were extended to cover
compressible� ows. It was also shown that both the lift and drag can
be calculated accurately without measuring � ow variables outside
of the model wake region. This result was critical to make quanti-
tative wake surveys practical for accurate lift-and-drag predictions
of airplane models. To study the effects of the currently proposed
second-order correction terms on the model lift and drag, some
wake-survey analysis results from previously published data were
recalculated.The magnitudes of these correction terms were, as we
expected, very small. Both the lift and the drag of airplane models
were accurately predicted (compared with the wind-tunnel balance
data) without measuring � ow variables outside of the model wake
region.

Appendix: High-Speed Jet Wakes
For a model equippedwith high-powerengines, our small pertur-

bation assumptions, j1u=U1j; j1P=P1 j; j1½=½1j ¿ 1, will not
be valid in high-speed jet exhaust regions. If a wake-survey station
is chosen reasonably far from the model, the model wake can be
divided into two different types of wake regions.One is the singular
(jet wake) region in which the small perturbationmethod will break
down, and the other is the regular wake region where our small
perturbation assumptions are still valid. Typically, jet wakes can be
found in small con� ned jet (or propeller) exhaust regions.

To search for jet wakes, we check the perturbation velocity
1u=U1. If the value of the perturbation velocity exceeds a cer-
tain value (for example, 1u=U1 ¸ 0:2), this point is considered to
be in a jet wake. Then, we can divide the integral area S2 of the drag
integral (33) into two regions: jet wake regions WA jet and regular
wake regions S2 ¡ WA jet .

D D
Z Z

S2

[½u.U1 ¡ u/ C .P1 ¡ P/] dy dz ¡ PmU1

D
Z Z

WA jet

[½u.U1 ¡ u/ C .P1 ¡ P/] dy dz

C
Z Z

S2 ¡ WA jet

[½u.U1 ¡ u/ C .P1 ¡ P/] dy dz ¡ PmU1

D Djet C Dreg (45)

where Djet and Dreg have been de� ned by

Djet D
Z Z

WA jet

[½u.U1 ¡ u/ C .P1 ¡ P/] dy dz

Dreg D
Z Z

S2 ¡ WA jet

[½u.U1 ¡ u/ C .P1 ¡ P/] dy dz ¡ PmU1

In the jet wake regions (WA jet), U1 ¡ u is negative (by de� ni-
tion); therefore, Djet represents a thrust (a negative drag). Because
our small perturbation method cannot be applied in the jet wake
regions, we must evaluate the drag equation Djet without applying
the perturbationmethod. Rewriting equation Djet , one can obtain

Djet D ½1U 2
1

Z Z

WA jet

½

½1

u

U1

³
1 ¡

u

U1

´
dy dz

C P1

Z Z

WA jet

³
1 ¡

P

P1

´
dy dz (46)

Density ½=½1 and pressure P=P1 can be calculated from Eqs. (11)
and (12), respectively.
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Assuming that u, TT , and PT are measured in the jet wake re-
gions, the change in entropy 1s=R can be evaluated from Eq. (38).
Utilizing the de� nitionsof the total temperatureand speed of sound,
TT D T [1 C .° ¡ 1/M2=2] and a2 D ° RT , T=T1 can be expressed
as

T

T1
D

TT

TT1

³
1 C ° ¡ 1

2
M2

1

´
¡ ° ¡ 1

2
M2

1

³
u

U1

´2

(47)

Finally, substitutingthe valuesof ½=½1 and P=P1 [calculatedfrom
Eqs. (11) and (12)] into Eq. (46), one can calculate the engine thrust
Djet (·0).

In the regular wake region (S2 ¡ WA jet) our small perturbation
assumptions are valid, and all of the drag equations discussed in
this paper are applicable. However, for the Maskell’s induced drag
calculation DMi, it is recommended to set the value of the vorticity
» in the jet wake regions as, � ctitiously, zero

» D
»

» : regular wake .S2 ¡ WA jet/

0 : jet wake regions .WA jet/
(48)

Because of this treatment, the entire wake S2 can now be handledas
one regularwake, also nullifyingthe effect of jet wakes on Maskell’s
induced drag. Thus, the Poisson solvers discussed in the preced-
ing section can still be used regardless of whether the model wake
contains jet wakes or not.
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